Abstract. We characterize graphs that have intersection representations using unit intervals with open or closed ends such that all ends of the intervals are integral in terms of infinitely many minimal forbidden induced subgraphs. Furthermore, we provide a quadratic-time algorithm that decides if a given interval graph admits such an intersection representation.
Introduction
Interval graphs and subclasses like proper interval graphs and unit interval graphs have well studied structural [2, 10] as well as algorithmic [3-5, 12, 13] properties and occur in many applications [1, 9, 11, [14] [15] [16] [17] [18] . Interval graphs are the intersection graphs of closed (real) intervals and unit interval graphs are the intersection graphs of closed unit intervals.
As long as intervals of different lengths are allowed, it actually does not matter in the definition of interval graphs whether the ends of the intervals are closed or open. For unit interval graphs, this is no longer true. While Frankl and Maehara [7] proved that unit interval graphs coincide with the intersection graphs of open unit intervals, the intersection graphs of the unit intervals of different types form a strict superclass of unit interval graphs.
In two previous papers we studied the classes of intersection graphs of closed and open unit intervals [19] and of mixed unit intervals [6] where for mixed unit intervals all four combinations for the two ends, namely open-open, closed-closed, open-closed, and closed-open are allowed. Partial results in [6] naturally lead to the problem of characterizing the graphs that have intersection representations using mixed unit intervals where additionally all ends of the intervals are integers.
We refer to such graphs as integral mixed unit interval graphs.
Our contributions in the present paper are -a characterization of twin-free integral mixed unit interval graphs in terms of the complete list of minimal forbidden induced subgraphs, and -a quadratic-time algorithm that decides if a given interval graph is an integral mixed unit interval graph, and if so, outputs a suitable representation.
The paper is organized as follows. In Section 2 we introduce some terminology and notation, give exact definitions, and recall some previous results. In Section 3 we study the forbidden induced subgraphs. In Section 4 we derive structural properties of the maximal cliques of integral mixed unit interval graphs. Section 5 is devoted to the representation algorithm and its analysis. Finally, in Section 6 we combine all results of the earlier sections and prove our main results.
Preliminaries
Let M be a family of sets. An M-representation of a graph G is a function M : V (G) → M such that for every two distinct vertices u and v of G, we have 
We allow arithmetic operations on intervals, that is, for an interval I in I and two real numbers x and y, we have xI
For an interval I in I, let (I) = inf(I) and r(I) = sup(I) denote the left and right end of I, respectively.
A A fundamental result relating these three classes of interval graphs is due to Roberts. Please refer to Figure 1 for an illustration of the Claw K 1,3 . [6, 19] . Since the Claw K 1,3 has a U ± -representation (cf. Figure 1) , the situation is different for unit interval graphs. The main two results from [6, 19] are the following. Please refer to Section 3 and Figure 2 for the definition and illustration of all graphs mentioned in these results. (
Theorem 2 (Rautenbach and Szwarcfiter [19]). A twin-free graph is a U ± -graph if and only if it is a {R
Mainly the last theorem motivated the characterization problem of the graphs that have an integral U-representation.
Forbidden Induced Subgraphs
Let G be the class of twin-free integral mixed unit interval graphs, that is, of those twin-free graphs that have an integral U-representation.
Since G is twin-free, the function I is necessarily injective. Hence, if H is an induced subgraph of G, then the restriction of I to V (H) is an injective integral U-representation of H, that is, even if H is not twin-free, there is an integral U-representation of H that assigns different intervals to the vertices of H. Therefore, the minimal forbidden induced subgraphs for G are exactly those graphs that do not have an injective integral U-representation while every proper induced subgraph has.
The integrality of the representation I immediately implies that every vertex u of G belongs to at most three maximal cliques of G, that is,
where c(u) = 3 implies that I(u) is necessarily a closed interval. 
Properties of Maximal Cliques
Throughout this section, let G be a fixed connected twin-free interval graph. It is well-known [8] that there is a linear ordering of the maximal cliques of G, say C = (C 1 , . . . , C q ), such that every vertex of G belongs to maximal cliques that are consecutive in that ordering, that is, for every vertex u of G, there are indices (u) and r(u) with If C and D are distinct maximal cliques of G, then C \ D and D \ C are both not empty, that is, for every j ∈ {1, . . . , q}, there are vertices u and v such that r(u) = (v) = j. This also implies that C 1 and C q contain simplicial vertices.
Note that, since G is twin-free, there are no two distinct vertices u and v with (u) = (v) and r(u) = r(v). The purpose of the present section is to derive the following structural properties of the sequence C that are implied by forbidding certain induced subgraphs from Section 3. 
Lemma 6. Let G, C, and (u), r(u), and c(u)
for every vertex u of G be as above.
Proof. (i) For contradiction, we assume that c(u 1 ) ≥ 4 for some vertex u 1 of G. Let i = (u 1 ). Note that r(u 1 ) ≥ i + 3. Let the vertices u 2 , u 3 , u 4 , and u 5 be such that r(u 2 ) = i, (u 3 ) = i + 3, r(u 4 ) = i + 1, and (u 5 ) = i + 2. Since G is R 0 -free, we may assume, by symmetry, that (u 4 ) ≤ i. Let the vertex u 6 be such that (u 6 ) = i + 1. First, we assume that r(
, which is a contradiction. Hence we may assume that r(u 5 ) ≥ i + 3. Let the vertex u 7 be such that r(u 7 ) = i + 2.
If r(
, which is a contradiction. Hence we may assume that r(u 6 ) = i + 1 and, by symmetry, (u 7 ) = i + 2. Now G[{u 1 , u 2 , u 3 , u 6 , u 7 }] is R 0 , which is a contradiction. This completes the proof of (i).
(ii) For contradiction, we assume that the vertices u 1 and u 2 are such that c(u 1 ) = c(u 2 ) = 3 and r(u 2 ) = r(u 1 ) + 1.
Let i = (u 1 ). Let the vertices u 3 , u 4 , u 5 , and u 6 be such that r(u 3 ) = i, (u 4 ) = i + 3, r(u 5 ) = i + 1, and (u 6 ) = i + 2. Now G[{u 1 , . . . , u 6 }] is one of the graphs D 5 , D 6 , and D 7 , which is a contradiction. This completes the proof of (ii).
The Representation Algorithm
Throughout this section, let G be a fixed connected twin-free interval graph that is not a clique. Let C = (C 1 , . . . , C q ) and (u), r(u), and c(u) for every vertex u of G be as in the first paragraph of Section 4. Since G is not a clique, we have q ≥ 2.
In this section, we describe and analyze the algorithm IntMixUniIntRep that, given C as input, produces a function I : V (G) → U such that (I(u)) ∈ Z for every vertex u of G. We prove that I is an integral U-representation of G provided that C satisfies certain structural properties and G does not contain certain induced subgraphs. The algorithm works essentially in two phases:
-In a first phase, the algorithm determines a path P : (iv) In view of (C 1 ), we may assume, for contradiction, that c(u) = 3 for some
q}, there are at most two vertices u with
If there is exactly one vertex v i from V (P ) with v i ∈ C j , then part (iii) implies (v i ) < j < r(v i ). This implies c(v i ) = 3 and r(u) = r(v i ) + 1, which yields a contradiction to (C 2 ).
If there are two vertices from 
• or Q k for some k ∈ N such that u and v i+1 are the special vertices of H, • orQ k for some k ∈ N such that u and v i+1 are the special vertices of H.
Proof. We prove the statement by induction on j where j and i are as in the considered execution of line 16 of IntMixUniIntRep.
Harvest
In this section we prove our two main results.
Theorem 4.
If G is a twin-free connected interval graph that is not a clique, and C is as in the first paragraph of Section 4, then the following statements are equivalent.
Proof. By Lemma 6, the first statement implies the second. By Lemma 10, the second statement implies the third. Finally, by Lemmas 1, 2, 3, 4, and 5, the third statement implies the first.
It is straighforward yet tedious to derive from Theorem 4 the complete list of all minimal forbidden induced subgraphs of integral mixed unit interval graphs by considering the forbidden induced subgraphs of interval graphs and all minimal twin-free supergraphs of the graphs mentioned in (1) of Theorem 4. We leave the details to the reader.
Furthermore, Theorem 4 directly implies Theorem 3: Let G be a diamond-free graph satisfying (1) of Theorem 3. Note that we may assume that G is twin-free. This easily implies that G is K 4 -free. Hence G satisfies (1) in Theorem 4, and therefore G satisfies (2) in Theorem 3. In Theorem 3, the implication (2) ⇒ (3) is trivial and the implication (3) ⇒ (1) follows by noting that all R k are forbidden induced subgraphs even for the class of U-graphs. 
